The frequency estimate for a real sinusoid provided by the periodogram has a bias which is particularly severe for a short observation interval. In this paper, two improvements to the periodogram are proposed to reduce this bias. The first method transforms the real tone to an analytic signal while the second algorithm subtracts the negative spectral line from the received signal, prior to applying the periodogram. The performances of the two methods are illustrated by comparing with the periodogram and the Cram 6r-Rao lower bound.
I. Introduction
The problem of frequency estimation of one or more sinusoids in noise has received considerable attention in the literature [1]-[IO] because it has important applications in areas such as communications, radar, sonar and geophysical seismology. For a single complex sinusoid in white Gaussian noise, it is well known that the maximum likelihood (ML) estimate of frequency is determined from the peak of the periodogram [3]- [4] . T o reduce computation in the peak search, Abatzoglou [5] had proposed a fast ML algorithm based on Newton's method. A computationally cheap method using only the discrete Fourier transform (DFT) of the received samples at the expense of suboptimal frequency estimation performance had also been suggested in [9] . In the general case of multiple sinusoids, we can extend the ML procedure but good initial frequency estimates are required for global optimization [6]- [7] . Another recent approach to the problem is to locally smooth the periodogram with optimal window parameters [lo].
In this paper, we focus on frequency estimation for a real sinusoid in noise. The noisy discrete-time measurements of the sinusoid is expressed as = aCOS(Won + 4 ) + q ( n ) ,
where the noise q ( 7 i ) is assumed to be a white Gaussian process while a , W O E ( 0 ,~) and q5 E [0,2n) are unknown constants which represent the tone amplitude, frequency and phase, respectively. The aim is to find W O from the N measurements of x(n), particularly when N is small, say in the order of 100 or less.
W e can still use the periodogram to estimatewe as follows, where
is the periodogram of z ( k ) . However, ML estimation performance cannot be achieved particularly for small N . It is because the real tone is a sum of two complex exponentials and as a result the frequency estimate provided by the periodogram is generally biased due to interference from the negative spectral line. By constructing the analytic signal from ~( n ) , two novel methods based on the periodogram are proposed to minimi ze this bias.
The paper is organized as follows. In Section 11, the frequency estimation performance of the periodogram is investigated and it is shown that the frequency bias is a function of N , W O and 4. Two improvements to the periodogram are then developed in Section 111. The first method attempts to construct the complex-v alued sinusoid via phase shifting x ( . ) by 90' while the second method removes the negative spectral line from z ( n ) , prior to using the periodogram. Section IV evaluates the performances of the proposed methods by comparing with the periodogram and Quinn's interpolation formula for frequency estimation of a single real tone [8] . Finally, conclusions are drawn in Section V.
Frequency Estimates from the P eriodograni
The discrete-time Fourier transform of ~( n ) , denoted by X ( W ) , can be easily shown to be 
Proposed Algorithms
Based on the fact that the periodogram gives hlL frequency estimation for a complex sinusoid, t w methods are proposed to construct the analytic signal from the real tone. The idea of the first frequency estimation method, called real to complex transformation (RTCT), is to generate a complex sinusoid of frequency W O by combining z ( n ) and its 90' phase shifted version. By so doing, bias in the frequency estimate can be rem0 ved since there is only one spectral line in the periodogram for the complex tone. In our study, we perform a discrete Hilbert transform (DHT) [113 on ~( 7 1 ) to produce the imaginary part, denoted by y(n), using the three steps: 
Perform inverse DFT of Y ( k ) to give y(71).
When the tone frequency is located at one of the DFT bins, that is, W O = 2 7 " where m is an integer between 0 and N/2, the DHT of cos(won + 6) will be exactly equal to sin(w0n + 4). 
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the periodogram of ~( 7 1 ) + j y ( n ) achieves its maximum. In the second frequency estimation algorithm, called the negative spectral line cancellation (NSLC) method, we attempt to subtract (~/ 2 ) e -3 (~~~+ 4 ' ) from z(n) prior to computing the periodogram. T o perform the subtraction, estimates of W O , a and q5 are required. An initial frequency estimate is given by ( 2 ) and the primary amplitude and phase estimates can be determined us- compute a finer frequency estimate from the periodogram 4. Repeat steps 2 and 3 for a few times until convergence. In the simulation examples in the next section, at most four iterations are required for the parameters to converge.
At steady state, the mean square errors of CO, 6 and $ will attain their corresponding Cram&-Rao lower bounds (CRLBs) when the signal-to-noise ratio (SNR) is larger than the threshold SNR [4] . Below the threshold SNR, estimation errors of the parameters become much larger than the CRLBs due to occurrence of anomalous frequency estimates.
IV. Results and Discussions
Of Z+(?Z).
Computer simulations had been carried out to evaluate the single real tone frequency estimation performances of the two proposed methods by comparing their mean square frequency errors (MSFEs) with those of the periodogram and Quinn's interpolation [8] The above test was repeated for wo = 37r/N and the results are in Figure 3 . We observe that the NLSC at-
.
Estimates of a and q5, & and $, are then calculated as tained the CRLB for SNR > 1 dB. On the other hand, the frequency estimates obtained from the RTCT, periodogram and Quinn's interpolation were severely bi- (9) ased and their MSFEs remained constant at -52.4 dB, -50.7 dB and -49.3 dB, respectively, at relatively high SNRs. The improvement of the RTCT method over the periodogram was small.because of the deficient 90' phase shift provided by the DHT when W O was not on a DFT bin. Although the RTCT is much faster than the NLSC, it generally cannot attain ML performance. As a result, if optimum frequency estimation performance is desired and off-line processing is allowed, the iterative NLSC can be used. On the other hand, RTCT is preferred when real time computation is necessary and a small frequency bias is acceptable. V. Conclusions Two periodogram based algorithms, namely, the RTCT and NLSC, are proposed for reducing the bias in frequency estimation of a real sinusoid in white noise when the observation time is short. The first method generates a complex sinusoid from the real tone with the use of DHT while the second algorithm subtracts the negative spectral line from the received sequence, prior to using the periodogram. Computer sim ulations shav that the NLSC can attain the CRLB while the RTCT gives the optimum performance only when the frequency is exactly on a DFT bin and both methods outperform the conventional periodogram and Quinn's interpolation formula. 
